The presently experimentally interesting form factor for the anomalous process γ → π + π 0 π − is calculated as the quark "box"-amplitude where the intermediate fermion loop is the one of constituent quarks with the pseudoscalar coupling to pions. This also corresponds to the form factor, in the lowest order in pion interactions, of the σ-model and of the chiral quark model. We give the analytic expression for the form factor in terms of an expansion in the pion momenta up to the order O(p 8 ) relative to the soft point result, and also perform its exact numerical evaluation. We compare our predictions with those of the vector meson dominance and chiral perturbation theory, as well as with the scarce data available so far. PACS: 13.40.Gp; 14.40.Aq; 12.38.Lg; 24.85.+p Typeset using REVT E X The analysis of the Abelian axial anomaly [1, 2] shows that the π 0 → γγ amplitude is exactly T 2γ π (m π = 0) = e 2 N c /(12π 2 f π ) in the chiral and soft limit of pions of vanishing mass m π . (Here, e is the proton charge, and N c = 3 is the number of quark colors.) This amplitude T 2γ π (m π = 0) is successfully reproduced also by the simple "free" quark loop (QL) calculation of the pseudoscalar-vector-vector (PVV) "triangle", provided one uses the quark-level Goldberger-Treiman (GT) relation g/M = 1/f π to express the effective constituent quark mass M and quark-pion coupling strength g in terms of the pion decay constant f π = 92.4 MeV. This calculation (essentiallyà la Steinberger [3]) is the same as the lowest (one-loop) order calculation [2] in the σ-model which was constructed to realize current algebra explicitly. By "free" quarks we mean that there are no interactions between the effective constituent quarks in the loop, while they do couple to external fields, presently the photons A µ and the pion π a . Our effective QL model Lagrangian is thus
where Q ≡ diag(Q u , Q d ) = diag( 2 3 , − 1 3 ) is the quark charge matrix, and τ a are the Pauli SU(2)-isospin matrices acting on the quark iso-doublets Ψ = (u, d) T . The ellipsis in L eff serve to remind us that Eq. (1) also represents the lowest order terms from the σ-model Lagrangian which are pertinent for calculating photon-pion processes. The same holds for all chiral quark models (χQM) -considered in, e.g., Ref. [4] -which contain quarkmeson coupling MΨ(UP L + U † P R )Ψ with P L,R = (1 ± γ 5 )/2. Namely, expanding U ( †) = exp[(−)iπ a τ a /f π ] to the lowest order in π a and invoking the GT relation, again returns the QL model Lagrangian (1) . This simple QL model (and hence also the lowest order χQM and the σ-model) provides an analytic expression (e.g., see Ref. [5] ) for the amplitude T 2γ π (m π ) also for m π > 0 (but restricted to m π < 2M, which anyway must hold for the light, pseudo-Goldstone pion), namely T 2γ π (m π ) = e 2 N c 12π 2 f π arcsin(m π /2M) (m π /2M) 2 = e 2 N c 12π 2 f π 1 + m 2 π 12M 2 + ... .
Adler et al., Terentev, and Aviv and Zee [6] proved that the amplitude for the anomalous processes of the type γ → 3π is related to T 2γ π (0) and is given by
(
The arguments of the anomalous amplitude (3), namely the momenta {p 1 , p 2 , p 3 } of the three pions {π + , π 0 , π − }, are all set to zero, because Eq. (3) is also a soft limit and chiral limit result, giving the form factor F 3π γ (p 1 , p 2 , p 3 ) at the soft point. In the QL model, the amplitude (3) is obtained by calculating the "box" graph, Fig. 1 . This is not surprising, as the anomalous "box" amplitude (3) was already obtained analytically and exactly by Alkofer and Roberts [7] in the so-called Schwinger-Dyson (SD) Ansatz approach, which is more general. In this approach, one employs an Ansatz for a dynamically dressed quark propagator, characterized by a momentum-dependent quark mass function M(k 2 ), and by the related momentum-dependent quark-antiquark pseudoscalar pion bound state Bethe-Salpeter vertices Γ π a instead of our gγ 5 τ a quark-pion Yukawa couplings. The present free QL model, with its constant quark-pion coupling strength g and the free quark propagators S(k) = i(γ · k + M)/(k 2 − M 2 ) containing constant effective constituent mass M, can therefore be considered as a special case of the SD Ansatz approach, i.e., the simplest possible such Ansatz.
Let us stress that for the processes of the type γ → 3π, going beyond the soft limit is much more important than for the process π 0 → 2γ where the amplitude T 2γ π obtained in the chiral and soft limit is an excellent approximation for the realistic π 0 → γγ decay. By contrast, the current TJNAF measurement of the γπ + → π + π 0 process [8] , as well as already published [9] and still planned Primakoff measurements at CERN [10] , involve so large values of energy and momentum transfer, that departures from the soft-point result (3) may well be significant.
Nevertheless, to the best of our knowledge, no extension of Eq. (3) beyond the chiral and soft limit has been given in the QL (χQM, σ-model) approach so far, neither through a numerical calculation, nor as an analytic result that would be the analogy of the amplitude (2) for the γγ-decay of the massive pion. (In the SD approach [7] , the box graph beyond the chiral and soft limit was addressed, but only numerically.) To fill this gap that seems to exist in the literature even at the lowest non-trivial order, we provide such an analytic expression in the form of an expansion in powers of the pion momenta up to the eighth order, in addition to the numerical evaluation of the γ → 3π form factor accurate to all orders.
To compute the γ → 3π amplitude we use Eq. (1) in terms of the physical fields π ± = (π 1 ∓ iπ 2 )/ √ 2 and π 0 ≡ π 3 , so that π a τ a = √
There are six different contributing graphs, obtained from Fig. 1 by the permutations of the vertices of the three different pions. The momenta flowing through the four sections of the quark loop are conveniently given by various combinations of the symbols α, β, γ = +, 0, − in k αβγ ≡ k + αp 1 + βp 2 + γp 3 . Then, the anomalous vertex V µ coupling π + π 0 π − to γ, viz . the scalar form factor F 3π γ (p 1 , p 2 , p 3 ) associated to it, is in the present approach calculated through the six VPPP box graphs as
where the contribution of the first diagram ( Fig. 1 
The color and isospin traces are N c and Tr
After combining the four propagator denominators by the Feynman trick, and shifting k µ by p µ
, the integral over the loop momentum k becomes
where
Adding up the contributions from the remaining 5 diagrams yields the total amplitude
Since the integrals such as I(p 1 , p 2 , p 3 ) are symmetric in the interchange of the first and the third argument, the two curly brackets in Eq. (9) are equal to each other. Therefore, the sum of the three u-quark "box" loop diagrams, as well as the sum of the three d-quark ones, give contributions to the amplitude (9) which are separately symmetric under p 1 ↔ p 2 ↔ p 3 . For that reason, a calculation that would employ the integer charge iso-doublet nucleons in the loops instead of the ones with quarks, would -up to the fermion mass values, M vs. M nucleon -give the same amplitude in spite of the three neutron graphs dropping out because of the vanishing neutron charge. Also, the interplay of the charge-isospin factors compensates the quark color factor N c = 3 as in the π 0 → γγ amplitude T 2γ π , although the quark charges enter in F 3π γ linearly, and not quadratically. The integrals appearing in Eq. (9), exemplified above by the one defined by Eqs. (6)- (8) , are calculated in two ways. Firstly, we calculate them numerically, by the Gauss-Kronrod method. Secondly, we obtain the analytic expressions for F 3π γ [Eqs. (10) , (12) , (13) and (14) below] by expanding the integrands [exemplified by the one in the integral (6)-(8)] in the series of the scalar products of the pion momenta, p i · p j (i, j = 1, 2, 3). In this case, the analytic integration over x 1 , x 2 and x 3 finally yields [to order O(p 4 )]
After using the GT relation, Eq. (10) returns at the soft point (p i = 0) the axial anomaly result (3) . We introduce the form factor normalized to the anomaly amplitude (3), F 3π γ (p 1 , p 2 , p 3 ) = F 3π γ (p 1 , p 2 , p 3 )/F 3π γ (0, 0, 0). It is also convenient to re-express the scalar products p i · p j through the Mandelstam variables as defined by Ref. [8] : s = (p 1 + p 2 ) 2 , t ′ = (p 2 + p 3 ) 2 , u = (p 1 + p 3 ) 2 , while t = p 2 3 serves as the measure of virtuality of the third pion which may be off shell. The photon momentum is q = p 1 + p 2 + p 3 .
We obtained the expansion for F 3π γ (p 1 , p 2 , p 3 ) to the order O(p 8 ) [relative to the anomaly result (3)], but give Eq. (10) only to the order O(p 4 ) for brevity as the O(p 8 )-expansion for general p i is very lengthy. It will be given elsewhere. However, below we do give F 3π γ to the order O(p 8 ) for the simpler special cases which are important for comparing our predictions with the experiments [9, 8, 10] . Namely, one can take the photon to be on shell in all three pertinent experiments [9, 8, 10] , in which at least two pion momenta, those of π + and π 0 , are also on the mass-shell. We thus set q 2 = 0 and p 2 1 = p 2 2 = m 2 π , whereby
In the Primakoff measurements [9, 10] , including the one [9] providing the only existing data point so far, the third pion is also on shell. Hence, t = m 2 π , in which case we predict 
At CEBAF [8] , one takes data near t ≈ −m 2 π , for which our O(p 8 ) expansion yields 
where the s ↔ t ′ symmetry is lost due to the virtuality t = −p 2 1 = −p 2 2 = −m 2 π of the third pion.
Our momentum expansions (12) and (13) show clearly that the main contribution to the term linear in s and t ′ (dominating the s, t ′ -dependence close to the soft limit), comes from O(p 4 ) and not O(p 2 ). This happens since the O(p 2 )-terms, due to the constraint (11) , contribute only to the part independent of s and t ′ .
Note that in the on-shell case (12) , the finite pion mass m π causes a larger upward shift than in the off-shell case (13) . For chiral pions (m π = 0) and real photons the condition (11) becomes s + t ′ + u = t. For this case, but for general t, the amplitude (9) becomes artifact of the model (1) . [Concerning the accuracy of the computations close to a threshold: the difficulty of numerical integration starts increasing gradually as one gets closer than m 2 π to the threshold, while the accuracy of the O(p 8 ) expansion starts failing before that.]
Nevertheless, for the values of s < 16m 2 π accessible at CEBAF [8] , such a threshold cannot be reached unless M < 2m π = 277 MeV. Such values are, however, too low to serve as the constituent quark masses, which cannot be much lighter than M ≈ M nucleon /3 ≈ 313 MeV.
In Fig. 3 we compare our (numerically obtained) on-shell predictions for various M with the only existing experimental point so far [9] , and with the predictions of chiral perturbation theory (χPT) [11] (in Holstein's [12] renormalization convention -i.e., we take his [12] Eq. (10) for the χPT form factor), of vector meson dominance (VMD) [13] [Holstein's [12] Eq. (9)], and of VMD with the final pion rescattering included [12] .
We conclude that our results agree rather well with VMD for constituent quark masses 300 MeV < M < 330 MeV when s > 8m 2 π . Going down in s, already at s ∼ 8m 2 π we agree rather well, but for somewhat higher M (330 MeV < ∼ M < ∼ m ρ /2), with both VMD and χPT. For all s-values shown, our predictions get somewhat closer to those of χPT when the ratio m 2 π /M 2 gets smaller, i.e., for the largest considered constituent quark mass, M = m ρ /2 = 385 MeV. Since χPT results in the weakest momentum dependence, its predictions for the largest values of s accessible at CEBAF are significantly different from both VMD and our QL (χQM, σ-model) approach. The CEBAF experiment should thus be able to distinguish between these various physical mechanisms in this range of momenta. On the other hand, all these approaches agree reasonably well for the lowest of s-values accessible at CEBAF. In particular, our approach agrees with VMD and χPT that the existing data point [9] is probably an overestimate, as we can fit it well (e.g., with the M = 250 MeV curve in Fig. 3 ) only for unrealistically low values of M. Fig. 1 : One of the six box diagrams for the process γ → π + π 0 π − . The position of the u and d quark flavors on the internal lines, as well as Q u or Q d quark charges in the quark-photon vertex, varies from graph to graph, depending on the position of the quark-pion vertices. .03 m 2 π , denoted by x's) for M = 250 MeV. The curves resulting from numerical integration start slightly below their respective power series at lowest values of the s-variable, but then exceed the latter for sufficiently high s. All curves pertain to the off-shell case t = −m 2 π (dominant at CEBAF [8] , but not in the Serpukhov experiment [9] which provided the displayed data point, where t = m 2 π ). The remaining variable t ′ is also set to t ′ = −m 2 π . Fig. 3 : The F 3π γ (s, t ′ = −m 2 π ) predicted by VMD [13, 12] (solid curve), VMD with final pion interactions [12] (dotted curve), and χPT [11, 12] (dash-dotted curve), are compared with our F 3π γ (s, t ′ = −m 2 π ) obtained by numerical integration for M = 330 MeV (shortdashed curve), M = 300 MeV (long-dashed curve), and M = 250 MeV (the topmost, very short-dashed curve). Same as the displayed data point [9] , all curves pertain to all three pions on shell, so that t = m 2 π = (138.5 MeV) 2 . The remaining free variable, t ′ , is set to t ′ = −m 2 π for all curves for definiteness. 
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